Production and equilibration of quark-gluon plasma are studied within the color flux-tube model, at the RHIC and LHC energies. Non-Abelian relativistic transport equations for quarks, antiquarks and gluons, are solved in the extended phase space which includes coordinates, momenta and color. Before the chromoelectric field is formed, hard and semihard partons are produced via minijets which provide the initial conditions necessary to solve the transport equations. The model predicts that in spite of the vast difference between the RHIC and LHC incident energies, once the local equilibrium is reached, the energy densities, the number densities and the temperatures at the two machines may not be very different from each other. The minijet input significantly alters the evolution of the deconfined matter, unless the color field is too strong. For the input parameters used here the equilibration time is estimated to be ∼ 1 fm at RHIC and ∼ 0.5 fm at LHC, measured from the instant when the two colliding nuclei have just passed through each other. The temperature at equilibration is found to be ∼ 250 MeV at RHIC and ∼ 300 MeV at LHC.
I. INTRODUCTION
Lattice QCD studies indicate that the hadronic matter undergoes a phase transition to the deconfined quark-gluon plasma (QGP) phase, at a sufficiently high temperature (≃ 200 MeV) [1] . The energy density at which this transition is expected to occur is about 2 GeV/fm 3 . Such a phase of deconfined partons did exist in the very early universe and is expected to be created in the laboratory, in ultrarelativistic heavy-ion collisions (URHIC). The Relativistic Heavy-Ion Collider (RHIC) at BNL (Au-Au collisions at ( √ s) N N = 200 GeV) and the Large Hadron Collider (LHC) at CERN (Pb-Pb collisions at ( √ s) N N = 5.5 TeV) will provide the best opportunity to study the formation of QGP. The main signatures of formation of QGP are sought in (1) J/ψ suppression, (2) strangeness enhancement and (3) dilepton and direct photon productions.
Different stages through which the evolution of deconfined quark-gluon matter proceeds are (1) pre-equilibrium (2) equilibrium and (3) hadronization. While the equilibrium stage is described by the well known hydrodynamic equations [2] , it is a difficult problem to study the formation and pre-equilibrium evolution of QGP in URHIC. Nevertheless, the initial conditions which one assumes for the hydrodynamic expansion, can only be determined by a careful study of the pre-equilibrium stage. So it is necessary and important to study the pre-equilibrium stage, which would provide information on the equilibration time, and the bulk properties such as the temperature, the energy density and the number density of QGP. For example, the importance of the correct determination of the equilibration time, in connection with the J/ψ suppression, is stressed by many people [3] [4] [5] and it is a challenging task to determine this quantity accurately.
In this paper, we study the pre-equilibrium evolution of QGP within the color flux-tube model by solving relativistic non-Abelian transport equations for quarks, antiquarks and gluons. In this model, when two Lorentz-contracted nuclei collide head-on and pass through each other, they acquire a nonzero color charge (< Q >= 0, < Q 2 > = 0), by a random exchange of soft gluons. The two receding nuclei act as color capacitor plates and produce a chromoelectric field between them [6, 7] . This chromoelectric field causes instability of the QCD vacuum and createsand gluon pairs via the Schwinger-like mechanism [8] [9] [10] . The partons so produced, collide with each other and also get accelerated due to the background field. These color charges also rotate in the color space according to Wong's equation (see section II). We consider relativistic non-Abelian transport equations for quarks, antiquarks and gluons. These equations simultaneously include the convective flow terms, the background field acceleration terms, theand gluon production source terms, the collision terms and the terms which take into account rotations of these color charges due to the background chromoelectric field. We solve these transport equations together with the Yang-Mills equations.
As mentioned above, the initial chromoelectric field owes its existence to nonperturbative processes, viz., the soft-gluon exchanges that take place between the two nuclei during the collision. This model describes mostly the production of soft partons [11, 12] . As pointed out in [13] and also in [12] , the (semi)hard processes (via perturbative QCD) take place before the soft-gluon exchanges. By adding these hard processes to the color flux-tube model, we attempt to cover the full range of particle production mechanisms, thereby including both soft and hard partons in the evolution of the deconfined parton matter. It has been shown by several authors that minijet production is dominant in the very early stages of the collision of two nuclei at the RHIC and LHC energies [14] . In this paper, we have calculated the minijet production at RHIC and LHC and have combined it with the color flux-tube model to study the production and evolution of QGP. A similar attempt was made by Eskola and Gyulassy [13] within the hydrodynamics framework which is applicable only after local equilibrium is attained. Here we study the pre-equilibrium evolution by solving relativistic non-Abelian transport equations with both the hard and soft partons taken into account. Earlier studies [15, 11, 12] of the pre-equilibrium domain ignored the minijets. We address ourselves to the important question whether QGP, if formed, would attain substantially higher temperatures at LHC than at RHIC. We also investigate relative importance of the hard and soft production mechanisms.
The plan of the paper is as follows. In section II, we describe our model with a detailed discussion of minijet production and of transport equations with their analytic solutions.
Here we also present our computational procedure. In section III, we describe our numerical results and discuss them. Finally in section IV, we present our conclusions.
II. MODEL
In our model, all hard and semihard partons (i.e., minijets) are formed before the chromoelectric field is created due to the exchange of soft gluons. In all earlier studies of preequilibrium evolution of QGP within the color flux-tube model [15, 11, 12] , there was only the background field and no particles, at the initial time. In other words, the initial particle distribution functions were taken to be zero in all these calculations. In the present work, we obtain the initial particle distributions from minijets. With this initial condition, we then solve the transport equations at the RHIC and LHC energies. Our aim is to study the possible effect of the minijets on the equilibration process.
The relativistic non-Abelian transport equations which we want to solve are presented in [16, 12] , in detail. In the non-Abelian theory the color charge is a continuously varying function of time. The precession of the color charge (Q a ) obeys Wong's equation of motion [17] 
which supplements the Lorentz force equation
Here τ is the proper time, f abc are the structure constants of the gauge group, u µ is the four velocity and A cµ is the background potential. In order to include the color charge in the phase space, we consider an extended one-particle phase space of dimension d = 6+(N 2 −1), (with N = 3). The extended phase space is taken to be the direct sum R 6 ⊕ G, where G is the (compact) space corresponding to the given gauge group. Thus, in addition to the usual 3 space coordinates and 3 momentum coordinates, we now have 8 coordinates corresponding to the 8 color charges in SU (3) . In this extended phase space, a typical transport equation reads as [16] :
Here f (x, p, Q) is the single-particle distribution function in the extended phase space. The first term on the LHS of Eq. (3) corresponds to the usual convective flow, the second term is the non-Abelian version of the Lorentz force term and the third term corresponds to the precession of the color charge, as described by Wong's equation (1) . C and S on the RHS of Eq. (3) are the collision and the source terms, respectively. Note that there are separate transport equations for quarks, antiquarks and gluons [16] . In order to solve the transport equations, we need the initial distribution functions f 0 , which we now obtain using minijet production cross sections.
A. Minijet production at RHIC and LHC
Hard and semihard partons expected to be produced at RHIC and LHC are mostly minijets whose average momenta are not very large. One can calculate the minijet cross sections after fixing a momentum scale (p T ) above which perturbative QCD (pQCD) is applicable. In the lowest order pQCD the inclusive (2 → 2) minijet cross section per nucleon in AA collision is given by [13, 14] σ jet = dp
Here x 1 and x 2 are the light-cone momentum fractions carried by the partons i and j from the projectile and the target, respectively, f are the bound-nucleon structure functions and y 1 and y 2 are the rapidities of the scattered partons. The symbols with carets refer to the parton-parton c.m. system. Theσ ij→kl is the elementary pQCD parton cross section. The requiredσ ij→kl are given byσ
Here α s is the strong coupling constant, q and q ′ denote distinct flavors of quark, and
The rapidities y 1 , y 2 and momentum fractions x 1 , x 2 are related by,
The limits of integrations of rapidities y 1 and y 2 are given by,
. We multiply the above minijet cross sections by the well known factor K = 2, to account for the O(α 3 s ) contributions. The structure functions f i,j/A occurring in Eq. (4) are obtained from the model of Eskola et al. [18, 19] , and using the GRV HO 94 set of parton distributions for a free nucleon.
As argued in [13] , we choose minimum p T = 2 GeV, above which pQCD is assumed to be applicable.
B. Initial conditions for plasma evolution from minijets
For central collisions, the minijet cross section (Eq. (4)) can be related to the total number of partons (N) by
where
A is the nuclear geometrical factor for head-on AA collisions (for a nucleus with a sharp surface) [14] . Here R A = 1.2A 1/3 is the nuclear radius. The total transverse energy < E tot T > produced in nuclear collisions, from minijets, can be shown to be
We will use these relations (Eqs. (4), (15) and (16)) to determine the initial conditions which are required to solve the transport equations (Eq. (3)) in the pre-equilibrium stage.
In the color flux-tube model, we assume that the chromoelectric field is formed when the two nuclei completely pass through each other. The volume of the system at that instant is V 0 = πR 2 A d, where d is the longitudinal thickness of the system. Note that d depends on the incident energy because of the Lorentz contraction and the presence of the wee partons in the incoming nuclei. We have taken d = 3 fm at RHIC for Au-Au collisions and d = 2 fm at LHC for Pb-Pb collisions [20] . Using (Eqs. (4), (15) and (16)), we calculate the initial number density (n 0 ), initial energy density (ǫ 0 ) and initial distribution functions (f 0 ) of quarks, antiquarks and gluons, which are needed to solve the transport equations. These
Here
and f 0 can be easily extracted from Eq. (15) with the help of Eqs. (4) and (17) .
In Table I we present our results for the initial conditions, obtained from minijet production at RHIC and LHC.
C. Solution of the relativistic transport equations
In order to solve the transport equations (3), we need to specify the collision and the source terms occurring on the RHS. It is not possible to obtain the collision term from pQCD alone because collisions among soft partons cannot be handled by pQCD. For our purpose we write the collision term in the relaxation-time approximation:
where u µ is the four velocity, f eq is the equilibrium distribution function (Fermi-Dirac for quarks and antiquarks, and Bose-Einstein for gluons) and τ c is the relaxation time. We take the same expressions for the source terms (S) as in [12] . Following Bjorken's proposal [2] , we express all physical observables in terms of the boost invariant quantities, namely
where η = tanh −1 (z/t) is the space-time rapidity and y = tanh −1 (p l /p 0 ) is the momentum rapidity. The transport equations (3) can be rewritten in terms of these variables.
The formal solutions of the transport equations can be found to be,
where ξ ′ is given by
and f q,q,g 0 are the initial distribution functions of quarks, antiquarks and gluons obtained from minijets (as described in subsections IIA-B). The initial distribution function was assumed to be zero in all earlier studies of the color flux-tube model [15, 11, 12] . In the above equation, θ 1 is the angle between the chromoelectric field and the color charge in the SU(3) color space [12] .
Since both the field and the particles are present simultaneously, we use the following relation for the conservation of the energy-momentum tensor:
and
In Eq. (23), the factor 3 refers to the three flavors of quarks, dΓ = d 3 p/(2π) 3 p 0 = p T dp T dξ/(2π) 2 , and dΩ is the angular integral measure in the color space. Now since energy and momentum are conserved in each collision, we have
We follow the same procedure as in [12, 15] and finally obtain the evolution equation for the field as: To solve Eq. (26), we fix the form of the local temperature T (τ ), by demanding that the particle energy density ǫ p (τ ) at any instant, differs negligibly from the equilibrium energy density at temperature T (τ ) at that instant. (It may be noted that T (τ ) occurs in Eq. (20) and hence in Eq. (26), through f eq .) This allows us to write the temperature T (τ ) in terms of the particle energy density ǫ p (τ ) as follows
We solve Eq. (26) numerically to study time evolution of the electric field. Finally, the number density of the quark-gluon matter is given by
In the present work, we have determined E(τ ) and T (τ ) by imposing the following double self-consistency requirement. Starting with trial E(τ ) and T (τ ) and using Eqs. (20) we determine f q , fq and f g . These when substituted in Eq. (28) give us ǫ p (τ ) which in turn gives a new temperature T (τ ) by Eq. (27). The new T (τ ) and the trial E(τ ) are again used in Eqs. (20) , and with the new f q , fq and f g thus determined, the differential equation (26) is solved to get a new field E(τ ). This process is iterated until convergence is reached. This gives us a self-consistent set of E(τ ), T (τ ), ǫ p (τ ), f q , fq and f g .
III. RESULTS AND DISCUSSION
The solution of the transport equations allows us to determine the time evolution of the physical quantities such as energy density, number density and temperature. The determination of these quantities is important for the prediction of any signature of quark-gluon plasma. We now present our numerical results for these quantities. As in [12] , we take g = 4 and τ c = 0.2 fm. For the initial field energy density ǫ f (0), we take either 0 or 300 GeV/fm 3 . This allows us to discuss the following three scenarios: (a) vanishing field, (b) ǫ f (0) comparable to the initial minijet energy density ǫ 0 , and (c) ǫ f (0) ≫ ǫ 0 . Thus we can study the effect of the variation of the initial field on the calculated results.
In all the figures, τ = 0 corresponds to the instant when the two colliding nuclei have just passed through each other, and ǫ f (0) = 300 GeV/fm 3 unless stated otherwise. In Fig. 1 , we have presented the parton energy densities for RHIC and LHC. It can be seen that the evolution of the parton energy density with minijet inputs at RHIC, is almost the same as that without the minijet inputs (dashed curve). This is because, at RHIC, the initial minijet energy density ǫ 0 (≃ 3 GeV/fm
3 ) is negligible compared to ǫ f (0); see Table I . At LHC, the two results are different because ǫ 0 (≃ 178 GeV/fm 3 ) is comparable to ǫ f (0). Thus the inclusion of the minijet input substantially alters the evolution of the parton energy density unless the chromoelectric field is too strong.
It is easy to see from Eq. (20) that the parton energy density evolves as
Here, ǫ(τ ) is the energy density if there is no minijet production, i.e., if the particle production is only from the field. The decrease in the energy density at earlier times (see the curve labelled LHC in Fig. 1 ) is due to the multiplicative factor e −τ /τc occurring in Eq. (30). The further increase in the energy density is due to the fact that the particle production from the field starts dominating by this time (this is ǫ(τ ) in Eq. (30)). We shall show below that the fall in the energy density after it reaches the maximum value is close to what is expected if the system has attained a local equilibrium and is expanding according to the hydrodynamic equations. Then it is clear from Fig. 1 that the equilibration of plasma is expected to occur earlier and the temperature at equilibration is expected to be somewhat higher at LHC. This will have a significant effect on all the predictions of QGP signatures.
In Fig. 2 , we compare the evolution of the parton energy density, at LHC, with and without the background field. This is necessary because the initial strength of the field cannot be calculated easily and as the incident energy increases the possibility of softgluon exchanges may become small. So we have presented our results for the two extreme cases (1) vanishing field energy density and (2) a very high initial field energy density (300 GeV/fm 3 ). The actual results are expected to fall within these two limits. Note that if there is no background field, the ǫ p (τ ) decreases monotonically. Qualitatively similar results are expected at the RHIC energy too.
Comparison of the two curves labelled 'Field' and 'Field+Minijets', in Fig (2) , shows the effect of the minijets on ǫ p (τ ). The memory of the minijet input is nearly wiped out at large τ because of the exponential decay factor in Eq. (30). As a result, the large kinetic energy of the two colliding nuclei at LHC may not necessarily translate into large temperature of the equilibrated deconfined matter. Actual calculation shows that the temperature when the equilibrium is reached is ∼ 300 MeV at LHC and ∼ 250 MeV at RHIC, not very different from each other. Comparison of the two curves labelled 'Minijets' and 'Field+Minijets' shows the effect of the field on ǫ p (τ ); this effect survives till relatively larger τ .
The decay of the chromoelectric field is shown in Fig. 3 . The decay is much faster at LHC than at RHIC, again suggesting an early equilibration at LHC. The evolution of the field strength has a significant impact on the acceleration of partons. If the chromoelectric field survives even after local equilibrium is reached, then the subsequent evolution of the system is governed by the chromoviscous hydrodynamic equations [13] , instead of Bjorken's hydrodynamic equations [2] . So it is very important to study the evolution of the chromoelectric field in the pre-equilibrium stage.
In Fig. 4 , we have presented the parton number densities of the system, for both the RHIC and LHC energies. The behavior of the results is the same as that of the parton energy densities in Fig. 1 , because an equation similar to Eq. (30) holds for the number density too. The maximum number density at LHC is ∼ 120 fm −3 , whereas at RHIC it is ∼ 90 fm −3 . At large τ , however, the two number densities are nearly the same. These partons produce/affect all the signatures of QGP and hence their evolution plays a crucial role in QGP detection.
We have fitted ǫ p (τ ), n(τ ) and T (τ ), for τ ≥ 0.5 fm, at the LHC energy, with a functional form aτ −b , where a and b are constants. We find that b = 1.23, 0.70 and 0.31, respectively. According Bjorken's hydrodynamics, these values are 1.33, 1 and 0.33, respectively. Comparing these two sets of values with each other, we conclude that the system has nearly equilibrated at τ ≃ 0.5 fm, at LHC. Similarly, at RHIC, the equilibration time is found to be ≃ 1 fm. Recall that these time intervals are measured from the instant when the two colliding nuclei have just passed through each other.
In Figs. 5 and 6, we have presented our results for the number densities of quarks plus antiquarks and gluons, respectively. Consider the curves labelled LHC in these two figures. The initial number density in Fig. 5 is much less than that in Fig. 6 , because the minijet gluon production is much larger; see Eqs. (5)- (12) . In Fig. 5 , initially, the number density increases with time because of the large production of q andq from the field; see Eq. (29) which receives a separate contribution from each of the 3 flavors of quarks and antiquarks. Although the gluon production is 1.5 times more likely than that of quarks via the Schwinger-like mechanism [10] , the counting in Eq. (29) builds up a larger quark plus antiquark density than the gluon density. In Fig. 6 , the LHC number density decreases with time because of the dominance of the exponential factor exp(−τ /τ c ) in Eq. (20) , over the gluon production by the field. The energy densities for quarks plus antiquarks and gluons are plotted in Figs. 7 and 8 , respectively. The behavior remains the same as in Figs. 5 and 6.
IV. CONCLUSIONS AND FUTURE PROSPECTS
We have studied the production and equilibration of the quark-gluon plasma expected to be formed in ultrarelativistic heavy-ion collisions, at RHIC and LHC, within the color fluxtube model. The distribution functions of quarks, antiquarks and gluons are defined in the extended phase space of dimension 14 in SU(3). We have solved the non-Abelian relativistic transport equations for these distribution functions. The quarks, antiquarks and gluons are produced from the background field which is formed due to soft-gluon exchanges, via the Schwinger-like mechanism. The initial distribution functions of partons are calculated from the minijet production at RHIC and LHC.
The model predicts that (i) The inclusion of the minijet input substantially alters the evolution of the bulk properties of the deconfined matter unless the chromoelectric field is too strong. (ii) Equilibration of the deconfined matter is expected to be faster at LHC than at RHIC. Estimated equilibration times are given. (iii) Surprisingly, in spite of the large difference between the LHC and RHIC colliding beam energies, the differences between the temperatures and equilibrium energy and number densities attained at the two machines, may not be very large. This is because the memory of the minijet input decays exponentially with time. Estimated numerical values for these physical quantities are given. (iv) Unlike the minijets, the effect of the background field survives over a longer time. (v) In the absence of a background field, the parton energy density and the number density decrease monotonically with time.
In summary, we have combined the non-perturbative aspects of QGP (background chromoelectric field formation) with the perturbative aspects (minijet production) and have studied the evolution of the quark-gluon plasma.
We have used in this work the Schwinger-like source terms [8] [9] [10] for parton production from a chromoelectric field. This mechanism is strictly applicable only for a constant, uniform field. However, in a heavy-ion collision, as the system evolves, the field acquires space-time dependence. Particle production in such a field has been studied and an appropriate source term has been derived in [21] , which will be incorporated in the pre-equilibrium evolution of the QGP and results will be reported elsewhere.
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